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Abstract A novel mathematical model of the actin
dynamics in living cells under steady-state conditions has
been developed for fluorescence recovery after photoble-
aching (FRAP) experiments. As opposed to other FRAP
fitting models, which use the average lifetime of actins in
filaments and the actin turnover rate as fitting parameters,
our model operates with unbiased actin association/disso-
ciation rate constants and accounts for the filament length.
The mathematical formalism is based on a system of sto-
chastic differential equations. The derived equations were
validated on synthetic theoretical data generated by a sto-
chastic simulation algorithm adapted for the simulation of
FRAP experiments. Consistent with experimental findings,
the results of this work showed that (1) fluorescence
recovery is a function of the average filament length, (2)
the F-actin turnover and the FRAP are accelerated in the
presence of actin nucleating proteins, (3) the FRAP curves
may exhibit both a linear and non-linear behaviour
depending on the parameters of actin polymerisation, and
(4) our model resulted in more accurate parameter esti-
mations of actin dynamics as compared with other FRAP
fitting models. Additionally, we provide a computational
tool that integrates the model and that can be used for
interpretation of FRAP data on actin cytoskeleton.
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Introduction
Actin polymerisation is an important mechanism in many
intracellular processes, including cell morphogenesis and
motility, in physiological situations and disease (see Pol-
lard and Borisy 2003 for review). Actin is an asymmetric
protein able to self-assemble into proteanous filaments with
structurally and biochemically distinct ends. The rates of
actin association and dissociation at the so-called barbed
end of the actin filament are ten times higher than those at
the pointed end. Actin polymerisation is regulated by actin
accessory proteins, which cause actin nucleation and cap-
ping, severing or branching of actin filaments (Giganti and
Friederich 2003; Giganti et al. 2005; Mogilner 2009).
Because structure and dynamics of the actin cytoskeleton
differ in distinct cellular sub-domains, in vitro assays can
not fully reproduce actin turnover in living cells, but nev-
ertheless provide useful insight into actin polymerisation
reactions. Actin polymerisation kinetics in living cells can
be investigated using fluorescent actin analogues and laser-
assisted confocal microscopy, which allows visualisation
of labelled proteins and provides information on their
spatial distribution.
Various experimental protocols have been set-up for the
quantification of the dynamic and structural properties of
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molecular complexes, characterising distances between
molecules, rates of biochemical reactions and mobility
parameters. Laser-assisted, confocal microscopy approa-
ches, such as fluorescence recovery after photobleaching
(FRAP) (Carrero et al. 2003), fluorescence loss in photo-
bleaching (FLIP) (Phair and Misteli 2000) and fluorescence
localisation after photobleaching (FLAP) (Dunn 2002),
make use of fluorescent probes which are bleached under a
high intensity laser pulse. The fluorescence non-homoge-
neity generated by bleaching decreases due to the diffusion
of non-fluorescent molecules out of the bleached area and
of fluorescent molecules into the bleached area. The rate of
diffusion can be influenced by molecular interactions in
and out of the bleached region. Measuring exchange rates
of bleached molecules by fluorescent ones provides quan-
titative information about molecular reactions and mobility
of proteins in living cells.
In FRAP experiments, relatively small regions of the
cell are bleached at once, while molecules in other cellular
areas remain fluorescently active. Due to diffusion and
transport processes, unbleached proteins enter into the
bleached spot, participating in biochemical reactions along
with bleached molecules. In most cases the time evolution
of the average fluorescence intensity in the bleached spot,
which is proportional to the number of fluorescence mol-
ecules for a relatively low concentration of labelled parti-
cles, is analysed. The rate and shape of the fluorescence
intensity recovery in time depend on the underlying pro-
cesses and their numerical characteristics, such as diffusion
coefficients and reaction rate constants. A mathematical
model may then be applied to extract relevant parameter
values from experimental FRAP data. The equations or
simulation algorithms of such models account for the
recovery limiting factors and may differ in the level of
details and properties of studied biomolecules.
The existing FRAP fitting models can be used for
the analysis of protein diffusion (Ellenberg et al. 1997;
Soumpasis 1983) and binding reactions for one and several
binding states, including cases where diffusion is a limiting
factor for binding processes (Carrero et al. 2004; Mueller
et al. 2008; Sprague et al. 2004). This methodology provides
important quantitative information on molecular dynamics
in vivo, such as diffusion constants, rate constants of protein
(un)binding, (im)mobile fraction(s) of proteins, spatial
localisation of the fluorescent protein analogues. Only a few
studies at present used FRAP, associated with mathematical
modelling, to gain quantitative information about actin
polymerisation in living cells. Some of these studies have
used binding approximation (Carrero et al. 2004; McDonald
et al. 2006) to measure actin turnover in the nucleus or in
cytoplasm (Campbell and Knight 2007). The model of Tardy
et al. (1995) was established specifically for FRAP experi-
ments with actin filaments and was applied for the fitting of
corresponding datasets. The model accounts for several
important factors, such as diffusion of actin monomers, but
operates with a rate of exchange between two pools of actins
to describe polymerisation reactions. In the work of Lai et al.
(2008), probabilities of conversion between filamentous and
monomeric forms of actin were assumed to be functions of
the distance from the leading edge. This assumption allowed
obtaining an accurate fit for measured recoveries, but the
mentioned dependences were not quantitatively linked to the
spatial properties of filaments. Indeed, in all these models,
the polarity and length of actin filaments as well as the
dynamics of their pointed and barbed ends are neglected.
Thus, they do not allow using values of fitted parameters as
measures of actin gain/loss on the filament ends.
Direct visualisation of filaments and total internal
reflection fluorescence microscopy (Fujiwara et al. 2002)
together with stochastic simulation (Matzavinos and Oth-
mer 2007; Roland et al. 2008) have shown that both
experimental procedures and models for data analysis
should account for the length of filaments to estimate
polymerisation rates. In addition, the filament length is an
important biophysical parameter of actin cytoskeleton
mechanics. Results of FRAP experiments are potentially
able to reflect the structure and turnover dynamics of actin
filaments, but no dedicated mathematical treatment of
FRAP data obtained with fluorescent actin analogues is
available at the present date in the context of dynamic and
structural properties of actin filaments. Thus, the formula-
tion of new mathematical issues, which can be used to
estimate the kinetic rate constants and filament length, are
needed for FRAP studies of actin polymerisation.
In this paper, we present a novel mathematical model
that can be used to fit the FRAP data obtained with GFP-
actin and to calculate the FRAP response on actin poly-
merisation system with the parameters accounting for the
average filament length ðhLiÞ and association/dissociation
at the barbed and pointed ends of actin filaments
ðkþb ; kb ; kþp ; kp Þ. Unlike the previously published models,
we show that FRAP curves may exhibit both non-linear
and linear behaviours under some specific parametric
configurations governed by the coefficients of elongation
(v) and diffusivity (D), the parameters that are defined by
the kinetic rate constants.
Methodology
Kinetic model for fitting equation
Actin polymerisation leads to formation of long linear
double helix filaments, 1–10 lm, with actin subunits spiral-
bound around the axis of the filament (Pollard and Borisy
2003). Both strands of the helix have the same polarity, so
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the two ends of the filament are structurally different,
termed barbed (BE) and pointed ends (PE). Often a
mathematical model of a filament is approximated by a
linear chain of actin subunits (Fass et al. 2008). Under
steady-state conditions, the average length hLi of filaments
does not change in time and the actin dynamics of indi-
vidual actin filaments is governed by treadmilling process,
defining the actin turnover time (Matzavinos and Othmer
2007). We would like to deduce a mathematical kinetic
model to describe such an assay to be applied to FRAP
experiments.
The scheme of the system formalization is shown in
Fig. 1a. A pool of free globular (G-) and filamentous (F-)
actins with the constant concentrations cm and cf in time
and volume is considered. An exchange between F-actin
and G-actin is controlled by the turnover process, which is
determined by the rates of actin association/dissociation at
the BE and PE: ðkþb ; kb ; kþp ; kp Þ. We assume the following:
1. Since G-actins diffuse rapidly (McGrath et al. 1998),
their spatial distribution is homogeneous.
2. Actin filaments do not diffuse. This is appropriate for
many cell compartments because filaments are cross-
linked into networks and linked by protein complexes
to the plasma membrane.
3. Contribution of actin spontaneous nucleation in steady
state is insignificant (Roland et al. 2008).
4. A spatial concentration of actin filaments is
homogeneous.
5. The bleached area could be approximated by a
cylinder with an axis perpendicular to the sample
surface. Fluorescence intensity is measured in the thin
layer inside this cylinder perpendicular to its axis by
confocal microscope.
6. Disassembled actins leave a bleach spot instantly and
irreversibly. This assumption is typically acceptable
for modelling of the FRAP recovery in the reaction
dominant regime, when a bleached spot has a rather
small size and diffusion is fast compared to associa-
tion/dissociation kinetics and the time scale of the
FRAP experiment (Sprague et al. 2004).
At steady state, the full fluorescence recovery of the
modelled system is merely due to the gain and loss of actin
subunits. After laser illumination of a cell area, actin fila-
ments may be composed of bleached and unbleached actin
subunits whose distribution along the average filament
length hLi is defined by the size of the bleached region. The
resulting FRAP curve is calculated as a superposition of the
probability events that any bleached actin disassembles
before the time t at either end.
We applied a theory of stochastic processes to simulate
the turnover of bleached/unbleached actins in the bleached
area. The balance equation for the probability pi(t) of the
chemical system state i in a closed volume can be given by
the following master equation (van Kampen 2007)
dpiðtÞ
dt
¼
XJ
j¼1
ðWijpiðtÞ þ WjipjðtÞÞ; ð1Þ
where J is the total number of possible states; Wij, Wji are
the transition probability per time unit from the states i to j
and vice versa.
Without loss of generality, we start from consideration of
a single bleached subunit in filament. Then, in Eq. 1 the state
i is the position of the bleached subunit in relative to the PE.
In the absence of the reactions at the BE, the state i can
exchange with the neighbouring states (i – 1) and (i ? 1) via
association and dissociation reactions at the PE (Fig. 1a).
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Fig. 1 Schematic diagrams and model calculations for actin poly-
merisation dynamics. a Schematic representation of a FRAP exper-
iment on GFP-actin. Actin filaments are partially or completely
bleached depending on the size of the bleached spot. Parameters are
the association and dissociation rate constants at the BE and PE
kþb ; k

b ; k
þ
p ; k

p , the average length of filaments hLi, and the concen-
tration of F-actin cf. b Results of stochastic simulation of artificial
actin polymerisation systems at different nucleation rates. The inset
represents the increase in F-actin concentration as a function of
time. Parameters are kþb = 10.0 lM
-1 s-1, kb = 1.0 s
-1, kþp =
0.5 lM-1 s-1, kp = 8.0 s
-1, and the initial concentration of actin
monomers is 6 lM
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The corresponding transition probabilities are Wiðiþ1Þ ¼
Wði1Þi ¼ kþp cm and Wiði1Þ ¼ Wðiþ1Þi ¼ kp (Gadgil et al.
2005), and Eq. 1 becomes
dpiðtÞ
dt
¼  kþp cm þ kp
 
piðtÞ þ kþp cmpi1ðtÞ þ kp piþ1ðtÞ;
i ¼ 1; 2; . . .; M; ð2Þ
where M is the maximum number of actin subunits in
filament and p0 = 0. Equation 2 represents a set of M
coupled differential equations. Assuming rather long
filaments of 1 lm or more (M [ 400), we can replace the
probabilities pi(t) with a probability density function q(x, t)
of bleached actin subunit positions along filament.
Applying a number of proper transformations,
piðtÞ ¼ qðxi; tÞd, qðxi; tÞ þ qðxiþ1; tÞ  2qðxi; tÞ, qðxiþ1; tÞ
 qðxi; tÞ  oqðxiþ0:5d;tÞox d, where d is a distance between two
neighbouring subunits in the filament and xi = i 9 d is a
position of the i-th bleached subunit in the filament, the
system of Eq. 2 is approximated by a single continuous
differential equation at the limit M ? ? as
oqðx; tÞ
ot
 k

p þ kþp cm
2
d2
o2qðx; tÞ
ox2
 kþp cm  kp
 
d
oqðx; tÞ
ox
;
ð3Þ
where q(0, t) = 0 is an absorbing boundary condition (van
Kampen 2007). By introducing the parameter-dependent
coefficients vp ¼ ðkþp cm  kp Þd and Dp ¼
kp þkþp cm
2
d2 we
obtain
oqðx; tÞ
ot
¼ Dpo
2qðx; tÞ
ox2
 vpoqðx; tÞox : ð4Þ
Equation 4 is a Fokker-Plank equation used elsewhere to
describe a diffusion type process (Gardiner 2004). The term
vp
oqðx;tÞ
ox of Eq. 4 evaluates the average growth of the PE, and
its coefficient vp is the elongation rate of the PE. The value of
vp is positive when assembly reactions dominate over
disassembly reactions leading to an elongation of the PE. It
is negative in the opposite case. The term Dp
o2qðx;tÞ
ox2 describes
a stochastic fluctuation of the filament length in time; its
coefficient Dp has a meaning of the diffusion coefficient
when Eq. 4 is treated as a one-dimensional diffusion. The
variance r2p of the filament PE length is time-dependent
r2p ¼ 2Dpt: ð5Þ
The solution of Eq. 4 satisfying the boundary condition
(assumption 6) for a bleached actin subunit situated in the
position x0 at time t = 0 is given by Eq. 6:
qx0ðx; tÞ ¼
1
2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
pDpt
p e
xx0vptð Þ2
4Dpt  e
xþx0vptð Þ2
4Dpt
vpx0Dp
 
: ð6Þ
The first term in Eq. 6 represents the equation of
diffusion with a drift in the unlimited area. The second
term accounts for the irreversible loss of the bleached
particles when they dissociate at the filament ends.
Then, we calculate the probability function Pp(x0, t) of
the random event that a bleached actin subunit at a fixed
initial position x0 is still associated with filament (or
would not disassemble from the PE) by the time t after
the bleach. This leads to integration of the probability
density function qx0ðx; tÞ over the infinite range of the
variable x:
Ppðx0; tÞ ¼
Z1
0
qx0ðx; tÞdx
¼ U x0 þ vptﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2Dpt
p
 !
 e
vpx0
Dp U
vpt  x0ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2Dpt
p
 !
; ð7Þ
where U uð Þ ¼ 1ﬃﬃﬃﬃ
2p
p
R u
1 e
t2=2dt is the cumulative distribu-
tion function for the standard normal distribution. If Dp is
close to 0, the probability defined by Eq. 7 converges to
unity.
Using a similar approach, we can calculate the proba-
bility function Pbðy0; tÞ for the BE in the absence of the
reactions at the PE
Pbðy0; tÞ ¼ U y0 þ vbtﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2Dbt
p
 
 e
vby0
Db U
vbt  y0ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2Dbt
p
 
; ð8Þ
where vb ¼ ðkþb cm  kb Þd is the elongation rate at the BE,
Db ¼ k
þ
b
cmþkb
2
d2 is the diffusivity coefficient at the BE and
y0 is the position of a bleached actin subunit relative to the
BE.
Assuming independent reactions at the BE and PE and
replacing y0 by ðhLi  x0Þ, the total probability function for
the bleached actin subunit to reside in the filament at time t
is a product of the probability functions
Pðx0; tÞ ¼ Ppðx0; tÞPbðhLi  x0; tÞ: ð9Þ
Integrating over all initial states, x0, of the bleached
actin subunits in filament, we obtain
PðtÞ ¼
ZhLi
0
Pðx0; tÞuðx0Þdx0; ð10Þ
where uðx0Þ is a normalised distribution of the bleached
states x0 for all parts of the filaments inside the
bleached region at the bleach moment (t = 0) and
R hLi
0
uðnÞdn ¼ 1. When the ends of filaments are not
bunched in the specific cell region, their various parts are
situated randomly inside the bleached spot and
uðx0Þ ¼ hLi1.
Finally, accounting for the steady-state concentrations
of free actin proteins cm and F-actins cf we obtain the
normalised FRAP recovery of the G- and F-actin
672 Eur Biophys J (2010) 39:669–677
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FRAPðtÞ ¼ cm
cm þ cf þ
cf
cm þ cf ð1  PðtÞÞ
¼ 1  cf
cm þ cf PðtÞ: ð11Þ
The FRAP model was programmed in Mathematica 6.0
(Wolfram Research), and the corresponding routine
actinfrap.nb is available at the website http://actinsim.
uni.lu/.
Stochastic simulation algorithm
To test the derived kinetic model, we applied a stochastic
simulation algorithm (SSA), similar to that reported in Fass
et al. (2008) and Roland et al. (2008). This stochastic
approach provides precise information on the dynamics of
G- and F-actin, including the structural compositions of
actin filaments (Halavatyi et al. 2009). We adapted the SSA
for the simulation of a FRAP experiment, considering
bleached and unbleached actin subunits as independent
molecular species. Synthetic datasets were generated to test
and validate the deduced fitting equation. In particular, we
estimated the time-resolved evolution of the F-actin con-
centration and the growth of the average filament length for
the non-equilibrium initial system states and the standard
sets of reaction parameters. All FRAP curves were simu-
lated for the steady-state phase and covered a broad range
of the model parameters ðhLi; cf ; kþb ; kb ; kþp ; kp Þ.
Results and discussion
Laser-assisted confocal microscopy is frequently used to
visualise and analyse the dynamics of the actin cytoskele-
ton in living cells. Actin filaments of specific sub-regions
of cells are grouped and cross-linked into bundles or net-
works. Such a bulk of filaments does not allow tracking
individual filaments and changes in their structures. How-
ever, both filament lengths and their turnover properties are
important characteristics of overall actin dynamics in cells.
As shown above, FRAP curves depend on these quantities,
which allow measuring cytoskeleton behaviour in different
regions of the cell without changing cell properties.
Filaments may be oriented either in parallel to each
other in bundles, for example at focal adhesion sites, or
organised into branched networks in a lamellipodium. For a
single filament only a part that is situated inside the
bleached cylinder at the bleach moment may be bleached
then. Because the resulting recovery is influenced by the
spatial organisation of all the filaments in the region rather
than the positions of individual filaments, we could account
for the filament orientation relative to the bleached spot by
the distribution function uðx0Þ of bleached actin protomers
along the filament (see Eq. 10). For most cases of bulk
cytoskeleton in the cell regions where the ends of the fil-
aments are not gathered, numbers of protomers corre-
sponding to the different x0 values inside the bleached spot
are approximately equal, and this function can be repre-
sented by a uniform distribution.
Before the bleach, the system is in equilibrium, i.e. the
probabilities for assembly and disassembly reactions at both
ends of the filament are equal ðkþb cm þ kþp cm ¼ kb þ kp Þ,
the critical monomer concentration of actin or the steady-
state monomer concentration showing the total equilibrium
between association and dissociation processes is calculated
as
cm ¼
kb þ kp
kþb þ kþp
ð12Þ
Then the elongation rates vb, vp and diffusivity
coefficients Db, Dp defined by the rate constants are
vb ¼ vp ¼
kþb k

p  kþp kb
kþb þ kþp
d;
Db ¼
2kþb k

b þ kþb kp þ kþp kb
2 kþb þ kþp
  d2; ð13Þ
Dp ¼
2kþp k

p þ kþb kp þ kþp kb
2 kþb þ kþp
  d2:
Assuming independent reactions at the BE and PE and
Eq. 5, we can estimate the variance r2 of the filament
length as
r2 ¼ r2b þ r2p ¼ 2ðDb þ DpÞt ¼ 2 kb þ kp
 
d2t ð14Þ
Coefficients vp and vb are of opposite sign and equal
absolute value, henceforth denoted as v, indicating that
shortening from the PE will necessarily be compensated by
growth of the BE. In the presence of any capped end, e.g. by a
BE capper, the elongation rate v and the diffusivity
coefficient Db are 0. However, Dp = 0, and therefore the
fluorescence recovery is not abolished. In the absence of
capped ends, the elongation coefficient v is 0 only if (G-)actin
critical concentrations at both filament ends, which are the
local equilibrium conditions for BE and PE, are equal
(cm,b & cm,p); then the following relation for the rate
constants is relevant:
kb
kþb
 k

p
kþp

 ¼ jcm;b  cm;pj  0: ð15Þ
The fluorescence recovery relies on stochastic fluctuations
of the filament length, characterised by the coefficients Db
and Dp, and exhibits an exponential-like curve.
If the value of v increases, the recovery is in the regime
of intensive dissociation via the PE, and the FRAP exhibits
Eur Biophys J (2010) 39:669–677 673
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a linear-like curve. Shortening of the PE is observed during
the treadmilling process, and the number of disassembled
actins may be estimated as the product of v 9 t. This effect
dominates over disassembly due to diffusivity, character-
ised by standard deviation r, increasing as a square root of
the time (r ﬃﬃtp ; see Eq. 14). The slope of the normalised
recovery in the linear regime is proportional to the ratio of
the elongation rate v and the mean filament length hLi. For
such a treadmilling regime, bleached actins will dissociate
mostly at the PE of filaments. The corresponding equation
for linear FRAP recovery can be easily derived if the Dp
value in Eq. 4 is set to 0 and the equations are solved with
the same boundary conditions.
The following actin polymerisation reactions were
implemented in the SSA to generate the synthetic data: (1)
spontaneous and/or stimulated nucleation of actin fila-
ments, (2) actin association at filament ends, (3) actin
dissociation at filament ends. The reaction rates may vary
depending on the actin-accessory proteins in the cells and
cell environment (Lan and Papoian 2008). For example, the
actin nucleation mechanism may be accelerated by formin,
capping protein, or by filament branching from a ‘mother’
filament by the Arp2/3 complex (Pollard and Borisy 2003).
The protein cofilin enhances filament depolymerisation by
increasing the dissociation rate of ADP-actin from the PE
(Van Troys et al. 2008). The actin turnover is governed by
actin subunit gain and loss at the BE and PE, respectively.
We took the values of the corresponding reaction rate
constants close to those in vitro to generate the synthetic
data (Kuhn and Pollard 2005). The rate of actin dissocia-
tion at the PE was increased intentionally to simulate the
effect of cofilin.
Taking a physiological range for parameters describing
polymerisation mechanisms, we simulated the time evo-
lution of the filament network from the pool of actin
monomers. Our simulations were repeated for several
nucleation rate constants to estimate further the effect of
nucleating proteins on fluorescence recovery. We modelled
three systems characterised by the nucleation rate constants
knuc = 1 9 10
-7, 1 9 10-6, and 5 9 10-6 lM-2 s-1,
corresponding to spontaneous, capping-protein-stimulated
or formin-stimulated actin nucleation respectively [newly
created filaments are assumed to contain three actin pro-
tomers (Sept and McCammon 2001)]. Rate constants for
the simulation of the stimulated nucleation are pseudo
parameters and calculated as a product of the actual rate
constant (Carlsson et al. 2004; Pring et al. 2003; Sept and
McCammon 2001) and the corresponding concentration of
capping protein or formin (*0.1 lM). Results of the actin
turnover simulations are shown in Fig. 1b and represent the
average filament length as a function of time. The average
length increased during the first phase and reached steady-
state levels of 4200, 1400, and 600 subunits in accordance
with the parameters knuc = 1 9 10
-7, 1 9 10-6, and
5 9 10-6 lM-2 s-1. Decrease of the steady-state average
length by increasing the nucleation rate is caused by the
growing number of the nucleated filaments during earlier
polymerisation phase. When the G-actin concentration is
below 1.0 lM, the probability of actin nucleation becomes
nearly negligible and turnover is due to the gain/loss of
actin subunits at filament ends. In our simulations, the
steady-state G-actin concentration was 0.86 lM (the initial
G-actin concentration for all simulations was 6.0 lM),
which is invariant by the nucleation rates (Fig. 1b; inset).
On the other hand, the value 0.86 lM appeared to be equal
to the calculated critical concentration using Eq. 12 and
the parameters of association/dissociation reactions used
for simulations: kþb = 10.0 lM
-1 s-1, kb = 1.0 s
-1,
kþp = 0.5 lM
-1 s-1, kp = 8.0 s
-1. The obtained steady-
state data and corresponding parametric configurations
were further used to simulate the corresponding FRAP
curves.
The FRAP curves were modelled for three average
lengths of filaments at steady state, corresponding to var-
ious nucleation rates. The corresponding fits by the kinetic
model are shown in Fig. 2a. Good fits were obtained
indicating that our developed kinetic model could repro-
duce the results of stochastic simulations within an
acceptable statistical error range (\5%). Being in excellent
agreement as proved by the two modelling methods, our
synthetic data showed an interesting and new effect of an
actin turnover studied by fluorescence recovery: the FRAP
curves were found to behave as a function of filament
length, exhibiting faster recovery rates for systems with a
short average filament length and slower recovery rates for
systems with relatively long filaments. Importantly, we
theoretically confirm experimental findings on accelerating
the actin turnover in the presence of actin nucleating pro-
teins (Lai et al. 2008). Additionally, the simulated fluo-
rescence recovery shown in Fig. 2a exhibited a linear
curve. Linearity is caused by the relatively high elongation
rate v = 7.6 sub s-1 and the diffusivity coefficients 4.8 and
4.2 sub2 s-1 for BE and PE respectively (see Eq. 13). The
FRAP curve is nonlinear when the absolute value of the
elongation rate v \ 0.5 sub s-1 (e.g. Fig. 2c).
To examine the effect of actin association and/or disso-
ciation at either filament end on the FRAP response, we
computed fluorescence recovery using the developed kinetic
model for a range of the elongation coefficient v, from 0.1 up
to 10 sub s-1, keeping constant values for other systems
parameters: Db = 30.0 sub
2 s-1, Dp = 5.0 sub
2 s-1,
cm = 0.17 lM, cf = 1.0 lM, L = 1000 sub. The results of
the kinetic modelling are presented in Fig. 2b. The predicted
FRAP curves differed noticeably, indicating strong depen-
dence on the fitting parameter v. As noted above, values of
the elongation rate v below 0.5 sub s-1 led to the non-linear
674 Eur Biophys J (2010) 39:669–677
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curve and slow recovery. An increase in the parameter v,
indicating an acceleration of treadmilling, resulted in the
nearly linear increase of the FRAP intensity. Fluctuations of
the filament length, controlled by the diffusivity coefficients
Db and Dp for low v values, had a weaker effect on the FRAP
curves, as shown in Fig. 2c, and yielded a non-linear
recovery. We conclude that the FRAP curves may exhibit
both a linear and non-linear behaviour, depending substan-
tially on the elongation rate v.
Finally, we investigated crossover of the developed
kinetic model and the existing FRAP fitting models. The only
match resulting in acceptable fits (an error \5%) was
obtained when compared with a two-binding state model
interpreted as the outcome of the dynamically active PE and
BE of filament and when our model was launched in the
‘‘non-linear’’ regime of the kinetic parameters v, Db and Dp
(Fig. 2d). As follows from Eq. 14 the sum of diffusivity
coefficients Db and Dp is numerically equal to the sum of
dissociation rate constants kb and k

p multiplied by the dis-
tance between neighbouring subunits in filament d = 1 sub.
This fitting parameter characterises the total effective
depolymerisation of filaments and is used herein as a mea-
sure for comparison of two models. As an example for the
comparison test, we generated a synthetic dataset with
parameters Db = 5.0 sub
2 s-1, Dp = 5.0 sub
2 s-1,
cm = 0.1 lM, cf = 2.0 lM, L = 200 sub, v = 0.1 sub s
-1.
Then we fitted the synthetic data by the two-binding state
equation (Sprague et al. 2004). A sum of the unbinding rate
constants obtained by fitting the two-binding state model is
0.12 s-1, which is inconsistent with the value set in simu-
lations. Therefore, the unbinding coefficients obtained by the
two-binding state model can not be accepted generally as
accurate estimations of the dissociation rates of F-actin
unless being used as a rough approximation in some com-
parative studies.
Our model perfectly agreed with stochastic simulations
and resulted in more confident data fitting and accurate
estimation of the kinetic parameters than those done by
previously reported models (Sprague et al. 2004; Tardy
et al. 1995).
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Fig. 2 Model calculations of the FRAP curves for actin filaments
under steady-state conditions. a Predicted FRAP using analytic (line)
and stochastic simulation (dot) methods for different values of the
average filament length hLi, corresponding to the steady-state mean
lengths in Fig. 1b (slower recovery at the smaller nucleation rate), with
parameters kþb = 10.0 lM
-1 s-1, kb = 1.0 s
-1, kþp = 0.5 lM
-1 s-1,
kp = 8.0 s
-1, cf = 5.14 lM. Dimensionality of hLi is 1 sub (subunit,
*2.7 nm). b Predicted FRAP for a range of elongation rates v. Other
kinetic parameters are Db = 30.0 sub
2 s-1, Dp = 5.0 sub
2 s-1,
cm = 0.17 lM, cf = 1.0 lM, L = 1000 sub. c Predicted FRAP for a
range of diffusivity coefficients Db. Other kinetic parameters are
Dp = 0.1 sub
2 s-1, v = 0.1 sub s-1, cm = 0.17 lM, cf = 1.0 lM,
L = 1000 sub. d Predicted FRAP using the two-binding state (line)
(Sprague et al. 2004) and the polymerisation (dot) models. Parameters of
the polymerisation model are Db = 5.0 sub
2 s-1, Dp = 5.0 sub
2 s-1,
cm = 0.1 lM, cf = 2.0 lM, L = 200 sub, v = 0.1 sub s
-1. Para-
meters of the two-binding model are c1 = 0.74 lM, c2 = 0.11 lM,
koff1 = 0.0049 s
-1, koff2 = 0.11 s
-1
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The presented model provides a relation between actin
filament dynamics and the shape of FRAP curves. The
application of our mathematical formalism for specific
biological systems may require, however, an adaptation of
the equations. For example, non-steady-state monomer
concentration at the cell leading edge will cause various
polymerisation rates at filament ends. In addition, special
spatial ordering of filaments may require some modifica-
tion of the function uðx0Þ, where higher values of uðx0Þ
should correspond to the parts of filaments situated inside
the bleached spot. Our present results pave the way for
future verifications of extensions of our approach by fitting
experimental data and by modelling FRAP curves obtained
in different areas in cells.
Conclusion
We have developed a mathematical model that will consid-
erably improve analysis and interpretation of FRAP exper-
iments carried out on actin-polymerisation assays. As proved
by the Monte Carlo simulations, this model provides unbi-
ased reaction rate constants at the pointed and barbed ends of
filaments and the average length of filaments. Our findings
demonstrate that: (1) FRAP is a function of the average fil-
ament length, (2) FRAP is faster at higher actin nucleation
rates, (3) the transition from the nonlinear to linear FRAP
curves is mainly caused by the increase of the elongation rate
v, (4) in contrast to existing FRAP models, our fitting
equation correctly estimates parameters of polymerisation
processes in different regimes of actin polymerisation
dynamics. In the future, the model will allow for studying
parameters regulating actin polymerisation in vivo and help
establish predictive or fitting models for actin polymerisation
mechanisms in living cells.
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